We study the scattering of an incident w ave b y a composite medium with periodic microstructure in a slab geometry. W e compute the expansion on the wave eld in powers of the parameter = d=, where d is the characteristic scale of the microstructure and is the wavelength. For " = 0 this corresponds to homogenization theory. Here, we focus on the correction terms for " 0 and compute the frequency-dependent impedance and the energy re ection coe cient as functions of , the material properties and the volume fraction. This is used to describe the shape and amplitude of a transmitted or re ected pulse signal.
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AMS subject classi cations. Primary 35B27, 73D25. Secondary 35P25 1. Introduction. A critical issue in the design of acoustic-electric transducers is the study of the transmission and re ection properties of its active piezoelectric element. The standard geometry for the study of the wave elds consists of a slab of piezoelectric material enclosed between two l a yers of homogeneous, passive media 17 . In this paper, we consider the case of a composite piezoelectric. We study the wave-dispersion e ects which arise when acoustic waves with varying wavelengths are scattered in the composite slab. These results are used to obtain quantitative predictions on the shape and amplitudes of wave eld generated by acoustic pulses. The theoretical nature of the problem is determined by t h e i n teraction between two scales wavelength and period. This interaction can be understood in a purely acoustic context, without taking into account explicitly the piezoelectric e ect 1 . We consider two half-spaces lled by t wo homogeneous media and a slab between them occupied by a composite with periodic microstructure see gure 1.1. The mathematical formulation of the problem consists of the Helmholtz equations, the matching conditions for the solutions and its conormal derivatives at the interfaces and proper radiation conditions. The radiation conditions are formulated in a non classical way, w h i c h w as suggested in 1 for the scattering of plane waves by periodic structures. Simple e ective medium approximations cannot account for wave dispersion in this context. In order to take i n to account dispersion e ects, we compute the rst correction terms in d= to the e ective medium approximation for the aforementioned geometry, where d is the characteristic length scale and is the wave length. Our approach assumes that the thickness of the slab is much larger than the period of the composite, a feature usually found in transducer applications. We also consider the case when the linear dimensions of the transducer in x 1 , x 2 plane are much larger than , so that the e ects of the transducer edges are negligible. We rst consider the simplest case where the incident w ave is normal to the interface and the thickness of the periodic medium is in nite i.e. the periodic medium lls one half-space. Most of the mathematical di culties are present in this simpli ed problem. Using perturbation theory, w e s h o w that the original three-dimensional frequency-dependent problem is replaced by a sequence of two-dimensional periodic cell problems, which do not depend on the frequency and are expressed in terms of the Dirichlet-Neumann operators. The structure of the corrections terms suggests several important qualitative c o nclusions. First we notice that if one wishes to keep any t e r m s b e y ond the e ective medium approximation the evanescent and propagating modes can not be decoupled even though the evanescent modes surface waves vanish away from the interface. We use the correction terms to obtain a formula for the re ection coe cient R = 1 , Z 1 + Z 2 + d 2 j 1 j 2 + 2 1 , Z 1 + Z 2 ; 1.1 where 1 and 2 are determined via the material constants and the solutions of the rst two cell problems. Z is the dimensionless impedance of the medium see section 5. We also describe explicitly the change in the shape of the re ected signal caused by the heterogeneities of the composite medium: if Ht is the incident signal, then the re ected signal can be written as u r t 0 + 1 @ @t + 2 @ 2 @t 2 Ht where the constants 0 ; 1 ; 2 are computed via the material constants 5. 16 . A numerical example of pulse-broadening is given in section 5. In fact once the acoustic elds are found one can calculate just about every quantity of practical interest. We next applied the above approach to the oblique incidence case. We h a ve calculated the critical angle below w h i c h the transmitted wave i s a l w ays evanescent. In fact this notion is well-known for an interface between two di erent homogeneous media 26 and we h a ve shown that it remains relevant for a periodic medium. We s h a l l now describe the main mathematical tools of our analysis. First we use the Bloch-Floquet 2 expansion for the solution of Helmholtz equation in the homogeneous and the composite media. The radiation conditions are expressed in terms of this expansion. Standard techniques from the perturbation theory for linear operators enables us to expand the solutions in both media in powers of the ratio " = d . T h e k ey mathematical di culty is to nd an e cient w ay of matching these two expansions at the composite-homogeneous medium interface. Since the expansions in the two media are expressed in two di erent Bloch-Floquet bases, the matching conditions lead to an in nite algebraic system. We suggest an iterative w ay of organizing the matching conditions for the perturbation expansions based on the Dirichlet-Neumann operators acting on functions satisfying the radiation conditions. This allows us to obtain the sequence of cell problems mentionned above and therefore provides an e cient w ay of closing up the perturbation scheme and establish the solvability existence and uniqueness at each perturbation step. From the theoretical point of view our approach allows one to construct a full asymptotic expansions for solutions of the Helmholtz equations in a composite medium with interfaces, which incorporates both propagating modes and boundary layer terms surface waves. Of course there is no surprise that such expansion exists. The nontrivial and practically very important question is how to nd an e cient and simple enough way of calculating each term in such expansion which is the main objective o f this paper. Note that the boundary layer expansions for elliptic problems in periodic domains were studied in 24 , 22 , 4 . The paper is organized as follows: section 2 deals with the case of normal and oblique incidence for the single-interface. In section 3 we s h o w h o w the results of the section 2 should be modi ed for the model with two i n terfaces. In section 4, we describe the cell problems for the rst three terms of the expansion in ". Finally in sections 56 we analyze the rst and second order cell problems for the single interface case, solve this problems numerically and also calculate numerically several quantities of practical interest such as the re ection coe cient and the shape of the re ected pulse. In appendix 7 we present the proof of the solvability lemma for the cell problem. wavelength of the incident w ave. k I = ,1 wave n umber of the incident w ave. 2 In this connection we w ould like t o m e n tion recent w ork of 13 , in which one of the rst classical results about the convergenceof solutions of elliptic equations with periodic coe cientsto the solution of the homogenized problem was recovered by using Bloch-Floquet expansions. Although the result is not new, the work 13 provides a lot of new insight. Our analysis shows that the Bloch-Floquet approach which is in fact quite di erent from 13 can provide new homogenization results and handles the boundary layer terms for frequency dependent problems. We also remark on another successful use of the Bloch-Floquet theory for calculating the asymptotics of the eigenvalues in the case when frequency is comparable to the microstructure period. 2 , 3 . L macroscopic observation length in the x 3 direction. y i = x i =d i ; i = 1 ; 2; z = x 3 =L rescaled variables. b = =L. ! = ,1 p c , = , frequency of the incident w ave. Y = 0 ; 1 0; 1 unit cell of periodicity.
Notations
h i average over the periodicity c e l l Y in x 1 x 2 or in y = y 1 ; y 2 v ariables. 2. The single interface problem. 2.1. Physical setting and rescaling. We consider the following problem in the space I R 3 . The left semispace I R 3 , x 3 0 is lled by a homogeneous isotropic medium with density , and elastic modulus c , . W e assume that the propagation of acoustic waves in this medium is described by t h e w ave equation , @ 2 t u = c , u ; x 2 I R 3 , ; t 0;
2.1 where , and c , are given positive constants and u = ux 1 ; x 2 ; x 3 ; t . The right semispace is lled by a t wo phase composite medium with semiin nite horizontal rods periodically arranged in a matrix host of another material. We i n troduce also a reference length scale L: in the two i n terface problem L will simply be the distance between the two i n terfaces, in this model problem it represents the distance from the single interface at which the signals are measured. The acoustic wave propagation in the periodic medium the " composite"is described by t h e w ave equation with periodic in x 1 and x 2 coe cients e + @ 2 t u = dive c + :ru ; x 2 I R 3 + ; t 0; c , @ x3 uj x3=,0 = e c + 3 @ x3 uj x3=+0 ; 2.3 3 We assume that the problem is time harmonic, i.e. ux; t = vxe iwt and therefore 2.1 and 2.2 can be replaced by the Helmholtz equations c , v + , w 2 v = 0 ; x 2 I R 3 ,
and
dive c + rv + e + w 2 v = 0 ; x 2 I R 3 + :
2.5
We next replace the Helmholtz problem in the whole space by t wo Helmholtz equations in each half-space supplied with the Dirichlet boundary conditions. The matching conditions 2.3 are replaced by vx 3 = ,0 = fx 1 ; x 2 + u I ; vx 3 = +0 = gx 1 ; x 2 :
2.6
The two unknown functions fx 1 ; x 2 , gx 1 ; x 2 can be found from the continuity o f the displacements and stresses at the interface x 3 = 0 : u I + f = g; ,ik I c , u I + e L r f = e L t g;
2.7
where e L r and e L t are the Dirichlet-Neumann operators 4 de ned by e L r v r = c , @ x3 v r j x3=,0 ; e L t v t = e c + 3 @ x3 v t j x3=+0 :
Here we write vx = v I + v r x 3 0; vx = v t x 3 0; i.e. the superscripts r and t stand for the re ected and transmitted waves respectively. Thus we h a ve arrived at the following two Helmholtz problems in each of the halfspaces 8 : c , v r + , ! 2 v r = 0; x 3 0 v r = fx 1 ; x 2 ; x 3 = 0 v r satis es radiation conditions at x 3 = ,1 2.8 3 that is, the continuity of the displacements and stresses at the interface between the two media. 4 where f and g are related by the matching condition 2.7 expressed in terms of the Dirichlet-Neumann operators. We remark that the uniqueness for the problem 2.8 for given fhomogeneous halfspace with periodic boundary conditions follows from 1 . The uniqueness for the problem 2.9 for given gperiodic half-space with periodic boundary conditions is a harder question. It can be established by extension and modi cation of the techniques from 1 . Then the uniqueness for the coupled problem 2.8-2.9 where f and g are unknown and coupled by 2.7 could be done similarly to appendix, where we h a ve proven the uniqueness for the cell problems at all orders. We emphasize that the uniqueness issues are not an objective of this paper and will be presented elsewhere along with an analysis of analyticity of the solution which provides the connection between the uniqueness for the hierarchy of the cell problems and the uniqueness of the solution for the coupled boundary value problems 2.8-2.9. In the rest of the paper we shall use dimensionless variables in equations 2.82.9 and 2.6: y 1 = x 1 d 1 ; y 2 = x 2 d 2 ; z = x 3 L : Before discussing the various length scales involved in the problem, we i n troduce three dimensionless parameters " = d 1 ; a = d 1 d 2 ; b = L : We are concerned with the frequency regime when " is small, i.e. the miscroscale period of the composite is much smaller than the wave length of the incident w ave. Then the acoustic eld consists of the leading term or plane wave approximation and the -dependent corrections which is a frequency dependent part of the acoustic eld due to the rescaling. Using dimensionless variables, we rewrite equation 2.8 in a dimensionless form @ 2 y1 + a 2 @ 2 y2 + " 2 b 2 @ 2 z + " 2 v r = 0 ; z 0:
2.10
Here we used the fact that ! = ,1 p c , = , .
A dimensionless form of the equation 2.9 is obtained similarly @ y1 c 1 @ y1 + a 2 @ y2 c 2 @ y2 + " 2 b 2 c 3 @ 2 zz + " 2 v t = 0 ; z 0: 2.11 Here 6 and k r is a wave n umber. Substituting this expression into 2.10 we s e e t h a t 'y is an eigenfunction of the following problem ,@ 2 y1 + a 2 @ 2 y2 , " 2 ' = " 2 b 2 k r 2 '; with Y periodic boundary conditions on . I f is the unit normal vector then this is equivalent to the requirement t h a t ' and @'=@ are equal with the proper choice of the sign in on the opposite sides of the square Y . It is well known that the complete system of the eigenfunctions in the space of periodic functions L 2 Y i s g i v en by the following expression ' pq y = fe ipy1 e iqy2 g; p ; q = 0 ; 1; 2 : : : 2.15 and the eigenvalues are r pq = 2 , p 2 + a 2 q 2 ; p; q = 0 ; 1; : : :
2.16
In order to simplify the notations, we e n umerate the eigenfunctions and the wave numbers using only one index n r n = r pq . We also de ne r n " = r n , " 2 :
We assume that the relation between the incident w ave length and the periods of the microstructure is such t h a t d 1 2 = " 2 2 min1; a 2 : 2.17
In such case, the wave n umbers k r pq are given by k r 0 = 1 ; k r n " = r r n " 2 , 1 n 6 = 0 :
2.18
Then all k r n with n 0 are real and the corresponding modes of the form e k r n z are either evanescent exponentially decaying or growing in the z direction depending on the choice of the sign of k r It is well known that the problems of such t ype in in nite domains have t o b e s u pplied with two radiation conditions. One which assures propagation in the correction direction and another which assures that only bounded modes are present. For the re ected wave 2.19 rst condition implies that e U r 0 = 0, i.e. the re ected wave propagates only in the negative z direction away from the interface. The second condition implies that e U r n = 0 ; n 6 = 0 .
Thus imposing the radiation condition means that the rst and the forth terms in the expression 2.19 should be dropped so that where y i s Y periodic and k t i s a w ave n umber. Substituting this expression into 2.11 we s e e t h a t y is an eigenfunction of the following problem A t " = , 1 c 3 y @ y1 c 1 y@ y1 + a 2 @ y2 c 2 y@ y2 + " 2 y = " 2 b 2 k t 2 y with periodic boundary conditions. Note that the operator A t " is self-adjoint in the space L 2 Y;c 3 in which the scalar product is taken with the weight c 3 y. It is well known 9 that A t " has pure point discrete spectrum
We view the operator A t " as a perturbation of the xed i.e. " independent operator A t 0 = , 1 c 3 y @ y1 c 1 y@ y1 + a 2 @ y2 c 2 y@ y2 whose eigenvalues t m 0 m0 are strictly non-negative for m 6 = 0 and t 0 0 = 0.
With these notations, the following lemma holds:
Let " be such that " s t 1 0 min c 3 y y : 2.21 Then A t " has only one strictly negative eigenvalue t 0 " the principal one.
Proof :
Introduce , = m a x y2Y y=c 3 y; + = min y2Y y=c 3 y;
and operators A , " = A t 0 , " 2 , ; A + " = A t 0 , " 2 + :
Both operators A , " and A + " are acting in L 2 Y;c 3 . Since zero is the principal lowest eigenvalue of the operator A t 0 in L 2 Y;c 3 , the Rayleigh quotient v ariational characterization of the eigenvalues implies that the principal eigenvalue t 0 " of the operator A t " satis es the inequality ," 2 , = , 0 " t 0 " + 0 " = ," 2 + 0 where , 0 " and + 0 " are the principal eigenvalues of A , " and A + " respectively. O n the other hand, using again the variational characterization of the second eigenvalues 1 " and , 1 " of the operators A " and A , " respectively, w e get t 1 0 , " 2 , = , 1 " 1 ";
where t 1 0 is the second eigenvalue of the nonperturbed operator A t 0 . Since A t 0 is positively de ned, we h a ve t 1 0 0 and if " p t 1 0= , then , 1 " 0 and hence t 1 " 0 w h i c h ends the proof of the lemma.
Throughout this paper we assume that there is only one propagating mode which is guaranteed by the conditions 2.172.21 i.e. Note that for many transducer applications, including the study of the "cross-talk" regime the case of one propagating mode is of primary interest. We n o w i n troduce the wave n umbers k t 0 " = p , t 0 " " ; k t m " = p t m " " m 6 = 0 ;
2.23 and the eigenfunctions " m y m0 of operator A t " . Thus the general form of the transmitted wave in the composite under condition 2.21 is given by the following formula v t y;z = e
Analogously to the above consideration for wave homogeneous medium we impose the radiation conditions by dropping the rst and the third terms in 2.24, i.e. by setting e U t 0 = 0 ; e U t m = 0 ; m = 1 ; 2; 3 : : : which means that the transmission occurs only in the positive z-direction zero mode and the other modes are evanescent n o t growing. Thus the transmitted wave has the form v t y;z = U t 0 e ,i k t 0 "
We can now provide a rigorous formulation of the problem which determines the acoustic elds re ected and transmitted waves. It consists in the Helmholtz equations 2.10 and 2.11 with the Dirichlet boundary data 2.12 at the interface, where the unknown functions f and g satisfy the matching conditions 2.13. Furthermore the solutions v r y;z and v t y;z are of the form 2.20 and 2.25 respectively and as it was explained above these representations incorporate the radiation conditions. This way o f f o r m ulating the radiation conditions has been suggested in 1 for consideration of scattering of plane waves by periodic structures gratings. It has also been known for a long time in open waveguide theory see 19 . In this paper the uniqueness for the Dirichlet problem in the half space with periodic boundary conditions was rigorously established. We can directly use this result for the homogeneous medium. The techniques from 1 also can be applied to the composite. This would require some cumbersome modi cations and will be presented elsewhere. Note that the results of 1 can not be directly applied to the original problem with the matching conditions 2.3. This is one of the reasons why w e h a ve i n troduced the Dirichlet problem with boundary functions satisfying 2.7, where the D.N. operators have appeared naturally.
Perturbation expansion for the solution of the wave equation.
In the rest of this work we shall use formal asymptotic series for solving the matching conditions 2.13 8 . The existence and uniqueness of the solution at each perturbation step is rigorously justi ed. This approach a l l o ws to construct asymptotic series in " for the re ected and transmitted waves in the homogeneous mediumand the composite correspondingly. A p r o o f o f c o n vergence of these series is not in the scope of this paper and it can be done by using standard techniques e.g. a priori estimates which a r e w ell developed for linear problems see for example, 8 for justi cations of the analogous homogenization theory expansions. Our strategy is the following:
Find an asymptotic expansion for the Dirichlet-Neumann operators L r " and L t " 2.14 acting on functions satisfying the radiation conditions 2.20 and 2.25. Solve t h e m a t c hing conditions 2.13 at each step of the perturbation expansion. Deduce an expansion for the re ected and transmitted waves.
2.3.1. Expansion for the Dirichlet-Neumann operators. We shall rst introduce a few notations. Using classical results from perturbation theory for linear operators 20 we h a ve the following expansions for the eigenvalues and eigenfunctions r 0 " = r 0 = 1 ; r n " = P p0 " 2p r n 2p; n 1 t m " = P p0 " 2p t m 2p; m 0; " m = P p0 " 2p 2p m : 2.26
These series do not contain odd powers of " because only " 2 appears in Helmholtz equations 2.10 and 2.11. Note that, under the assumption 2.22, the following convergent series cab be obtained for the wave n umbers: k r 0 " = k r 0 = 1 ; k t 0 " = P p 0 " 2p k t m 2p k r n " = P p0 " 2p,1 k r n 2p; n 1; k t m " = P p0 " 2p,1 k t m 2p; m 1:
2.27
These expansions start from the order " ,1 and contain only odd powers of " due to the relation between wave n umbers and eigenvalues see 2.182.23. Note also the di erence between the expansions of the lower wave n umbers k r 0 ", k t 0 " and the higher ones. Let L 2 Y be the Hilbert space of Y periodic L 2 functions and let H 1=2 Y b e the fractional Sobolev spaces of Y periodic functions see 12 , 29 for the precise de nitions. We also introduce scalar products in L 2 Remark that since n n0 is an orthonormal basis of L 2 Y a n d 0 = 1 , w e h a ve h n i = h n 0 i = 0 f o r n 1. So, we obtain hL r ,1 fi = 0 :
Composite. The Dirichlet-Neumann operator can be expressed as In this section, we p r o ve the main mathematical result of the paper. We shall prove that it is possible to solve the matching conditions 2.13 by using the perturbation expansion 2. We substitute 2.34 into 2.33and we obtain, at each perturbation step, a system of the following form: f p = g p + d p L r ,1 f p = L t ,1 g p + s p
2.35
Then we prove that:
For each p = 0 ; 1; 2::: the solution of the system 2.35 exists and is unique in the Sobolev space H 1=2 Y 2 The proof of the theorem is based on an induction argument and on the following solvability lemma which i s t h e k ey technical tool for constructing the expansions. We s h o w b y induction, using lemma 2.3, that this system has a unique solution f p ; g p i n H 1=2 Y 2 . For p = 0 , w e g e t f 0 = g 0 , u I ; L r ,1 f 0 = L t ,1 g 0 :
2.37
This system does not uniquely determine f 0 ; g 0 : it is easy to see that constant functions are in the kernel of L r ,1 and L t ,1 L r ,1 1 = P 1 n=1 h n i p r n 0 n = 0 L t , 1 f 0 = f 0 , h f 0 i;g 0 = g 0 , h g 0 i;
Then we see that f 0 ;g 0 is solution of f 0 = g 0 L r ,1f0 = L t ,1g0
and has mean zero by construction. Applying lemma 2.3, we conclude that f 0 ;g 0 is uniquely determined. Since 0; 0 is solution, by uniqueness we g e t f 0 ;g 0 =0; 0. To n o w obtain a closure relation between f 0 and g 0 we write the continuity of stresses for f 1 ; g 1 L r ,1 f 1 = L t ,1 g 1 + s 1 and take the mean in this equality. The induction assumption is that each f p ; g p is uniquely determined by system 2.35 at order p and by a closure equation obtained by taking the mean in the continuity of stresses at order p + 1. This is the case for p = 0 . I f f q ; g q ; q p , 1 are obtained by this procedure then we h a ve hs p i = 0 and equation for f p ; g p writes as 8 : f p = g p L r ,1 f p = L t ,1 g p + s p hs p+1 i = 0 :
Recall that s p = P p,1 q=0 L t q g p,q , L r q f q,q does not depend on f p ; g p . Furthermore each of the operator L r q , L t q maps H 1=2
Y . Note that we can also show t h a t s p is in H ,1=2 Y directly using the induction in p and embedding theorems for Sobolev spaces see for example 27 , Ch 3, Sect 25. Thus we can apply lemma2.3 and conclude that there is a unique pair f p ;g p f r o m H 1=2 Y 2 of mean zero such t h a t f p = g p L r ,1f p = L t ,1g p + s p Then f p ; g p are de ned byf p = f p , h f p i;g p = g p , h g p i Equation hs p+1 i = 0 leads to where U n = hf " n i. W e further note that due to the orthogonality conditions for n 1, U n = hf 0 + "f 1 + " 2 f 2 + : : : n i = "hf 1 + "f 2 n i = is of order ". On the other hand k r n " 1 " see 2.18 and therefore for any x e d z 0 the terms in the sum 2.38 decay exponentially in ". On the other hand the modes U r n e k r n " b z n y are exponentially decreasing as z goes to ,1 because k r n 0 0, n 1. We summarize the results: np y;z the boundary layer term is exponentially small in " for any xed z 0 and v t;" np y;0 is of order ". There are several important conclusions which o n e c a n d r a w from these propositions.
To the leading order in ", the solutions of the wave equations in homogeneous and periodic medium are two plane waves re ected and transmitted which correspond to the homogenization or e ective medium approximation 9 , 25 , 29 in which the e ective impedance is de ned by Z = p h ihc 3 i .
Since f 1 ; g 1 given by 4.10 are purely imaginary, the rst order correction has a phase shifted by =2 i = e i=2 .
From the formulas for L r ,1 and L t ,1 , w e see that the non-propagating harmonics n and m for n 1; Our analysis is a formal asymptotics which w orks for " 2 0; " when there is only one propagating mode see 2.22. For speci c materials see section 6, " can be of the order of unity.
2.4. The oblique incidence case and the critical angle.
2.4.1. Introduction. In this paragraph, we consider the case where the incident wave is no longer normal to the interface at z = 0 but can be written as U I t; x = u I e i!t,kI:x where = s i n 1 cos 2 ; sin 1 sin 2 ; cos 1 is a unit vector in the direction of incidence 2 S 2 IR 3 , 2 2 0; 2 is the usual polar angle in the plane x 3 = 0 the azimuthal angle and 1 2 0; = 2 is the polar angle between the normal to the interface x 3 = 0 a n d v ector . Many features of the analysis performed for the normal incidence wave remain valid but there are important di erences. In particular, we will see that, for some angles, the transmitted wave m a y b e a l w ays evanescent. We will introduce the notion of critical angle well-known for the interface between two homogeneous medium with di erent w ave speed 26 and we will see that this notion remains relevant f o r p e r i o d i c medium. Also in the oblique case the di erential operators become dependent n o t 2 as in the normal case. We use the same rescaling as in the normal incidence case to obtain the following two problems 8 : @ y1 , i"l 1 a@ y2 , i"l 2 @ y1 , i"l 1 a@ y2 , i"l 2 v r + " 2 b 2 @ 2 z v r + " 2 v r = 0 ; z 0 v r = fy 1 The analysis is very similar to the normal incidence case and we shall not repeat all details.
Re ected wave. We i n troduce the elliptic operator A r; " = , @ y1 , i"l 1 a@ y2 , i"l 2 @ y1 , i"l 1 a@ y2 , i"l 2 , " 2 whose eigenvalues are denoted by r; 0 " r; 1 " : : : r; n " and corresponding eigenfunctions n n0 are the same as 2.15. Straightforward computations can be performed and we obtain for the lowest eigenfunction and eigenvalue 0 y = 1 r; 0 " = " 2 l 2 1 + l 2 2 , " 2 = ," 2 cos 2 1 :
For higher order eigenvalues, we nd using eigenfunctions pq = e ipy1 e iqy2 where we replaced the subscript pq b y n r; pq " = 2 p 2 + a 2 q 2 , 2"pl 1 + aql 2 , " 2 cos 2 1 :
We notice that r; n " 0 f o r n 1, at least for " small enough generalization of 2.17: a straightforward computation leads to and this representation already incorporates the radiation condition see 1 because we h a ve dropped the exponentially increasing modes e , k r; n " b z and the mode e ,i cos 1 b z propagating in the "wrong" direction.
Transmitted wave. We i n troduce the operator A t; " = , 1 c 3 @ y1 , i"l 1 a@ y2 , i"l 2 c 1 0 0 c 2 @ y1 , i"l 1 a@ y2 , i"l 2 , " 2 c 3 in the Hilbert space L 2 Y;c 3 . The spectral analysis for this operator can be found in 9 , 13 . We denote the increasing sequence of eigenvalues by t; m " m0 with corresponding eigenfunctions "; m m0 . In the case of normal incidence, we k n o w see lemma 2.1 that for su ciently small ", only one mode propagates in the periodic medium. Here we w ant to emphasize that the situation is not so simple for oblique incidence and we h a ve t wo cases a lim "!0 t; 0 " 0 b lim "!0 t;
In case a , for " smaller than some " 1 , t; 0 " 0, t; m " 0 for all m 1 and one mode propagates. In case b , for " smaller than some " 1 , t; m " 0 for all m 0 and the transmitted wave i s e v anescent. The value of the bound " 1 depends on the material coe cients c 1 ; c 2 ; c 3 ; and on the incident angle. We shall come back to this point in subsection 2.4.3. Let us suppose that, for " small enough we h a ve only one propagating mode. We i n troduce the wave n umbers The rest of the analysis for the oblique incidence problem is similar to the normal incidence case. The main di erence is that for the oblique incidence case operators A r; " and A t; " depend on " and not " 2 as in the normal incidence case see 7 for more details.
The critical angles . In the case of an interface between two h o m o -
geneous media, the critical angles are the angles for which t h e w ave n umber of the transmitted wave becomes pure imaginary, meaning that the transmitted wave n o longer propagates 26 . We show that this notion remains valid for composite media with some changes. This is natural to expect since, for small frequency i.e. small ", the composite behaves like an homogeneous medium with respect to wave propagation.
We h a ve seen that, given the material coe cients, the sign of lim "!0 t; 0 " depends only on. This leads to the following de nition for the set of propagating angles p = f; lim "!0 t; 0 " 0g: The set of critical angles is just the boundary of p . W e show that it is a cone: Proposition 2.6. There exists a quadratic form Ql 1 ; l 2 given by the RHS of 2.52 such that p = f;Ql 1 ; l 2 0g: where l 1 ; l 2 are de ned by 2.43.
Proof :
We h a ve to determine the sign of the principal lowest eigenvalue t; 0 ". This eigenvalue t; 0 ", as well as the corresponding eigenfunction "; 0 is analytic in " see 20 The rst non-zero term in the expansion of the lowest eigenvalue gives the sign of t; 0 " in the limit of small frequency, i.e. for " less than some " 1 .
We will see that this sign is given by the second term of the expansion and is not always negative in other words t; 0 " " 2 t; 0 2 and t; 0 2 is positive or negative depending on the values of for given coe cients c i i = 1 ; 2; 3 and . Let 2.50 and it is easy to see that this gives t; 0 1 = 0. So using 2.492.50 we see that the equation for ~ 0 1 becomes a cell problem: @ y1 c 1 @ y1 + a 2 @ y2 c 2 @ y2 1; 0 = il 1 @ y1 c 1 + il 2 a@ y2 c 2 p hc 3 i :
2.51
At the order " 2 we h a ve A t; 0 2; 0 + A t; 1 1; 0 + A t; 2 0; 0 = t; 0 2 0; 0 : Multiplying by 0; 0 and taking the weighted average, we obtain t; 0 2 = hA t; 2 i + hc 3 Notice that 1; 0 given by 2.51 and it is pure imaginary. H e n c e t; 0 2 is real and we can check that the dependence with respect to parameters l 1 ; l 2 is quadratic. In the normal incidence case l 1 ; l 2 =0,0, we h a ve t; 0 2 = , h i hc3i which is always negative but for particular values of the incidence angle and the functions c 1 ; c 2 ; c 3 ; it may happen that t; 0 2 is positive. Thus we de ne Ql 1 ; l 2 = t; 0 2, which is given by formula 2.52.
In practice, it means that there exists " 1 9 such t h a t for 2 p and " " 1 , the transmitted wave propagates. for = 2 p and " " 1 , the transmitted wave does not propagate.
In the general case the propagating set p has to be found numerically. We present here a two-dimensional example where explicit formulas can be found; in this case operator A t; " reduces to A t; " = , 1 c 3 @ y1 , i"l 1 c 1 @ y1 , i"l 1 , " 2 c 3 with l 1 = sin 1 and equation for 1; 0 to @ y1 c 1 @ y1 1; 0 = il 1 @ y1 c 1 p hc 3 i : 9 Numerical evaluation of " 1 can be done in several ways. For example, we can compute the rst terms t; 0 2; t; 0 3; t; 0 4 for the rst eigenvalue and t; 1 0; t; 1 1 for the second eigenvalue and then nd " 1 such that the function t; 0 2 + " t; 0 3 + " 2 t; 0 4 keeps a constant s i g n 0 ; " 1 and the function t; 1 0 + " t; 1 1 stay positive o n t h e i n terval 0; " 1 . For normal incidence " 1 is simply de ned by 2.21. 3. Normal incidence for the two-interface slab geometry. 3.1. Physical setting. We consider the following problem in the space I R 2 . T h e left semispace l = I R 2 , fx = x 1 ; x 3 , x 3 0g is lled by an homogeneous isotropic medium with density , and elastic modulus c , . The interior slab i = f0 x 3 L g is lled by a t wo phase composite medium with rods periodically aligned in the x 3 direction. The right domain r = fx 2 I R 2 , x 3 L g in also lled by a homogeneous isotropic medium, which is for simplicity assumed to be the same as in l . I n f a c t consideration of two di erent homogeneous medium does not require any signi cant changes. In this section we shall use the subscripts l;i and r standing respectively for left, interior and right domain that should not be confused with indices r and t of the previous section which w ere standing for re ected and transmitted. Analogously to the normal incidence case Subsection 2. As in section 2 we consider the case when 1 is a small parameter and b is of order of 1 i.e. the horizontal dimension of the device is comparable to the incident wave length, which is the case for so-called thickness mode resonance, see for example 23 . We also remark here that if the second homogeneous medium r is di erent w e should also introduce the dimensionless ratio of the wave s p e e d s p =c in the media `a nd r : this leads to only slight c hanges in the result. We again consider the time harmonic solutions and obtain again the equations 2.10 in , and 2.11 in + . L e t v l ; v i ; v r be the wave eld in the three media l = 0; 1 ,1; 0, i = 0 ; 1 2 , r = 0 ; 1 1; 1. Then analogously to section 2: where v is a solution of 2.10 with the radiation conditions at z = + 1 and Dirichlet data 3.1.
It is easy to see that because the radiation conditions in l and r are in opposite directions, we simply have L l f = ,L r f:
3.3
ii We also need the D.N. operator associated to the periodic slab de ned by:
where v is a solution of 2.11 with the boundary conditions 3.2 . And, for the interface z = 1 :
where v is also a solution of 2.11 with the boundary conditions 3.2 . Owing to the symmetry, it is easy to see that we h a ve H r g;h = ,H l h; g:
3.6
With these notations, we a r r i v e at the following system for the matching conditions Since we compute rst corrections in power expansions in ", w e drop out the exponentially decaying terms. Combining 2.26, 2.27,3.9 and 3.10 we can explicitly compute H l ,1 g;h, H l 0 g;h, H l 1 g;h; : : :and their means 7 . However, it is sucient to observe that H l ,1 g;h only acts on function g and moreover H l ,1 g;h = L t ,1 g 3.12
where L t ,1 is the D.N. operator corresponding to the transmitted wave for one single interface de ned by 2.32. Substituting these expressions into the matching conditions 3.7 and using the expansions for the D.N. operators 2.293.11, we obtain, at each step of the perturbation expansion, a system of four equations with 4 unknowns of the following type: f p = g p + p y L l ,1 f p = H l ,1 g p ; h p + p y ; h p = k p ; H r ,1 g p ; h p = L r ,1 k p + p y; We can state the following result which corresponds to Theorem 2.2 for the two-interface problem For each p = 0 ; 1; 2::: the solution of the system 3.13 exists and is unique in the Sobolev space H 1=2 Y 4 The proof is in fact straightforward because of the following decoupling: due to symmetry 3.33.6, system 3.13 is equivalent t o f p = g p + p L l ,1 f p = H l ,1 g p ; h p + p ; h p = k p ; H l ,1 h p ; g p = L l ,1 k p , p ;
Derivation of Cell
3.14 Using 3.12, we see system 3.13 decouples and we obtain two 2 2 systems f p = g p + p L l ,1 f p = L t ,1 g p + p and h p = k p L t ,1 h p = L l ,1 k p , p ;
Of course the p respectively p c o n tains terms which depend on h q respectively g q for indices q p . H o wever, at each step of the approximation, the system decouples, given the values of the approximation for lower orders. Each of these two systems has a unique solution due to lemma 2.3, up to two constants: i f f p ; g p ; h p ; k p i s a s o l u t i o n , t h e n f p + 1 ; g p + 1 ; h p + 2 ; k p + 2 i s also a solution for arbitrary constants 1 and 2 . Exactly as in the one interface case, these constants are determined by taking the mean in the next order equations. The algebraic system for these constants introduce sa coupling between functions f p ; g p ; h p ; k p .This is a 2x2 linear system which is easy to solve: the main observation is that the di erential system, which w as originally 4x4 can be decoupled into two 2x2 di erential systems. We shall not give a detailed proof of theorem 3.1 once the decoupling is established we can prove the theorem by induction analogously to theorem 2.2.
Once the cell problems have been solved for k = 0 ; 1 and 2, we j u s t h a ve to substitute the solutions into 3.9. Since we know the amplitudes a n ; b n , we use using the representation 3.8 to obtain an expansion of the acoustic eld inside the composite. It is then possible to represent the eld as the sum of one left-going wave, one right-going wave and two boundary layers terms. This representation incorporates frequency dependent corrections as in proposition 2.5. So, after straightforward calculation we can formulate an analog of proposition 2.5 for the two i n terface case.
Computation of the rst terms in the expansions of the wave elds.
In this section we consider explicitly the cell problems of order 0, 1 and 2 for the single interface problem. For this purpose, we rst give some basic formulas which h a ve b e e n obtained by standard perturbation theory calculations for eigenvalue problems. Then we compute the rst terms in the expansion of L r and L t and deduce the cell problems. 4.1. Perturbation expansion for the eigenvalues. We shall not give a n y details on the derivation of the formulas see 7 . Just notice that it is su cient t o manipulate formal expansions because the convergence follows from analyticity. T h e basis 0 m is orthonormal with the weight c 3 . We h a ve c hosen the normalization 0 0 y = 1 p hc 3 i :
4.1
First terms in the expansion of the eigenvalue t 0 are L r 0 f = ihf 0 i = ihfi; L r 1 f = 1 X n=1 hf n i 1 2 r n 0 n ; L r 2 f = 0 :
4.5
We also need the mean values of these operators: hL r 0 fi = ihfi; hL r 1 fi = 0 ; hL r 2 fi = 0 :
4.6
In the periodic medium: The function 2 0 is a solution of 4.4 and it takes real values; hence f 2 ; g 2 takes reals values too unlike f 1 ; g 1 .This observation will play an important r o l e i n t h e computing of the re ection coe cient.
5.
Frequency-dependent impedance, the re ection coe cient and shape of the re ected pulse. 5.1. Frequency-dependent impedance. The impedance of the medium is usually de ned as being the ratio of the pressure and the wave speed that is Z eff = hc 3 @ z vi h@ t vi :
5.1
It is easy to see that, using this de nition and the expression 2.39 for the re ected wave, we simply nd that the impedance of the homogeneous medium is just Z eff;h = p , c , . F or the composite medium, we i n troduce the impedance which depends on the frequency " although impedances for each of the components of the periodic medium do not depend on frequency.
In order to do this we use the expansion 2.412.42 and simply neglect the non propagating modes. Neglecting the order O" 3 terms, we get Z eff;p = p hc 3 ih i Using expansion 2.40 we get the following formula for the re ection coe cient 10 R = jhf 0 i + hf 1 i + 2 hf 2 ij 2 ju I j 2 + o 2 : 5.5 10 Note that this formula also can be obtained from acoustic Poynting's theorem. Indeed R = R S @tv r @z v r dy R S @tu I @z u I dy 5.4 We h a ve already noticed that, if u I is real then f 0 and f 2 are real whereas f 1 is pure imaginary. This implies the cancellation of " 1 term and we g e t R = jhf 0 ij 2 + 2 jhf 1 ij 2 + 2 hf 0 ihf 2 i + o 2 :
5.6
Thus we see that the frequency dependent part of the re ection coe cient i s o f t h e order " 2 in the normal incidence case. This is an interesting qualitative conclusion which is not obvious a priori. Note that for oblique incidence this is also the case because f 1 and g 1 are pure imaginary.
Since the problem is linear, we c a n c hoose u I = 1. Let us denote Z = p h ihc 3 i and = q h i hc3i where Z is the e ective impedance of the medium and the e ective wave n umber. We h a ve f 0 = 1,Z 1+Z and the hierarchy of equations for f 1 Since the problem is linear, it is enough to solve e.g. numerically two problems: 5.9 and the following system L r ,1 , L t ,1 f = hc 3 i , c 3 hfi = 0
5.10
Indeed, if we look for the solutions f 1 and f 2 in the form:
where the integration surface S is parallel to the interface but can be taken arbitrary far from the interface. Because of periodicity of the solution, we can choose S to be the unit cell Y and, since the non-propagating modes are exponentially decreasing as the distance form the interface increases, we conclude that only propagating modes enter into the energy balance relation and that the ratio R 2 can be expressed by the formula 5.3. Neglecting the higher order terms and using 5.65.10 and 5.11, we g e t where f 0 is de ned by 4.9: the shape is not modi ed since there is no dispersion. Our approach enables us to take i n to account the dispersion e ect due to the heterogeneities of the composite medium, which leads to the change of the pulse for the re ected signal 11 . Suppose that the space width of the pulse is much larger than the period of the composite, i.e. d whereĤ denotes the Fourier transform of H. If we assume thatĤ is rapidly decaying at both in nities, we can make the approximation For more general problems, after space discretization, we h a ve to compute the lowest eigenvalues of a sparse symmetric matrix. We used the method of the iterated subspace to obtain the eigenvalues and eigenfunctions see 18 , 15 . To solve the equation 5.9, we look for a solution in the form where n are the eigenfunctions in homogeneous medium note that we could also use the basis 0 m m0 . Substituting this expression into 5.10 and using the de nition of the Dirichlet-Neumann operators 2.302.32 we obtain X n1 p r n 0 n n + c 3 X m1;n1 p t m 0 n hc 3 n 0 m i 0 m = hc 3 i , c 3 :
6.7
Multiplying by p and taking the mean, we get an in nite system for all p 1, X n1 p r n 0 n h n p i + X m1;n1 p t m 0 n hc 3 n 0 m ihc 3 0 m p i = ,hc 3 p i: 6.8 Let N and M be the number of eigenfunctions computed in the homogeneous and periodic medium. To solve the in nite system 6.8 of linear equations for coe cients n n1 , w e i n troduce a truncation , = 1 ; : : : ; N . Let A be the Gramm matrix for the basis n and m A MN = hc 3 n m i nN;mM 6.9 and let r and t be two diagonal matrices with diagonal entries equal to the eigenvalues in homogeneous and periodic medium: r 1 0; : : : ; r N 0 and t 1 0; : : : ; t M 0 respectively. Finally let C be the vector with coe cients C = ,hc 3 Of course, the choice of the truncation numbers N and M is crucial. For an accurate computation of the eigenvalues and eigenfunctions, the number M has to be much smaller than the number of discretization points. 6.1. Numerical simulations. We illustrate the above procedure using a model one-dimensional problem with piecewise constant coe cients where the sti ness and density coe cients take the following values c 1 ; c 3 = 1 :4 or c 1 ; c 3 = 0 :553 = 1 :27 or = 7 :7 6.12
in the composite medium all the coe cients in the homogeneous medium are identically equal to 1. These coe cients correspond in dimensionless units to ceramic and epoxy. F or the volume fractions f = 0 a n d f = 1, when the medium is homogeneous the re ection coe cients are easy to compute and they are equal density and sti ness c 3 work in opposite directions. Moreover, for the composite 0 f 1 the re ection coe cient is not constant and therefore it exhibits a maximumat some value f = f ". To illustrate this, we rst consider the zero order term R 0 the homogenization approximationin the expansion of the re ection coe cient R" = R 0 +" 2 R 2 . Then R 0 = 1 , Z 1 + Z 2 ; Z = p h ihc 3 i = p fc 1 3 + 1 , fc 2 3 f 1 + 1 , f 2 :
6.13 R 0 exhibits a maximum at f 0 0:3 see gure6.2. Note that the existence of extremum in real composites depends on the choice of the constituents for example for copper rods in epoxy there is no extremum. We next compute the correction " 2 R 2 and see that it also exhibits a maximum value but at a di erent volume fraction. This implies that the maximumof the re ection coe cient R" is frequency dependent and for a given frequency ", w e can nd the volume fraction f = f " w h i c h maximizes the re ection coe cient R" in the above example we n d f 1 0:4.
The problem is posed on the periodicity cell 0; 1 with 2:10 ,2 and we t o o k 8 m o d e s in the truncation procedure explained in the previous subsection. Figure 6 .1 illustrates the convergence of the numerical method as N increases with N=M: we h a ve plotted log jjf1Nj 2 ,jf1N,1j 2 j Analysis of gure 6.2 leads us to the following conclusions. First we notice that the di erence of R" from R 0 is not large which i s o b vious since we h a ve c hosen small ". However, the main e ect we a r e i n terested in is to evaluate the dependence of f " the volume fraction which maximizes R" on the dimensionless frequency ": this is illustrated by gure 6.3. Finally, w e remark that the constrast in the stifness coe cients in 6.12 is relativly low. If we c hoose the data with high contrast in the material properties then the dependence of f " o n " can be made much larger. To illustrate this point, we p r o vide the following model example gure 6.4: c 1 ; c 3 = 1 0or c 1 ; c 3 = 0 :1 = 0 :1 or = 1 0 The numerical data in this example were chosen arti cially in order to enhance the e ect. This example shows that by mixing a material with high sti ness and low density with another material with low sti ness and high density, it is possible to achieve sharp shift of the optimal volume fraction. It is an open problem to nd real materials which behave in a similar way. Recall that the bound 2.22 guarantees that there is only one propagating mode. Figure 6 .5 illustrates the dependence of the RHS of this bound " 2 t 1 0 min c 3 on the volume fraction for the material constants de ned in 6.12. we see that it is greater than 1.45 for all volume fraction and we c a n c hoose any " p 1:45 1:2 f o r our analysis to hold. 7. Appendix, Proof of the solvability lemma. Without loss of generality and for simplicity of the presentation we consider a two dimensional case y 2 Y = 0; 1 . We begin by i n troducing a few notations: = fy;z ; y 2 Y; z2 0; 1g , 0 = fy;z ; y 2 Y; z= 0 g; , 1 = fy;z; y 2 @Y;z2 0; 1g:
We de ne a Hilbert space e H 1 in the following way. Let f n yg be the complete set of eigenfunctions de ned by 2.15 and r n 0 the corresponding set of the eigenvalues. We consider the following set of functions de ned on : e C 1 1 = fuy;z 2 C 1 : uy;z = 1 X n=1 a n n ye , p r n 0z g so these series are not only convergent but in nitely di erentiable. Since h n i = 0 n = 1 ; 2; : : : and 0 is not present in the series, we see that the functions from e C 1 1 are of mean zero denoted bye a n d Y periodic because n y a r e Y periodic denoted by . We next introduce analogously , 0 e H ,1=2 , 0 . Furthermore, it is straightforward to check that due to the de nition of spaces e C 1 1 , e C 1 2 and operators L r ,1 and L t ,1 we h a ve L r ,1 u j,0 = ,@ z u j,0 ; L t ,1 v j,0 = c 3 y@ z v j,0 :
Indeed, if u 2 e C 1 1 , w e h a ve u = X n1 hu n i n e , p r n 0z ; @u j,0 = , X n1 p r n 0hu n i n and we recognize the de nition of ,L r ,1 u j,0 see 4.5 for u 2 e C 1 1 , a n d b y density this is also true for u 2 e H 1 . The computation for L t ,1 v j,0 is the same. We deduce that fy = u jj,0 ; gy = v j,0 :
Hence, lemma 2.3 follows from the lemma 7.1. Roughly speaking 2.36 is a "trace" problem which corresponds to the PDE problem 7.1. We n o w give the proof of the lemma 7.1 1 X n=1 a n n ye , p r n 0z . Then due to the orthonormality property of eigenfunctions n we h a ve 
